The purpose of this paper is to find maximal and primitive elements of baby Verma modules for a quantum group of type B 2 . As a consequence the composition factors of the baby Verma modules are determined. Similar approach can be used to find find maximal and primitive elements of Weyl modules for type B 2 . In principle the results can be used to determine the module structure of a baby Verma module, but the calculations are rather involved, much more complicated than the case of type A 2 .
be worked out similarly, but we omit the results. To avoid complicated expressions and for simplicity we assume that the order of the involved root of 1 is odd and greater than 3 and we only work with some special weights. The approach for general cases is completely similar.
Maximal and Primitive Elements
In this section we fix notation and recall the definition and some results for maximal and primitive elements. We refer to [L1-4, X1-2] for additional information.
1.1. Let U ξ be a quantized enveloping algebra (over Q(ξ)) at a root ξ of 1 (Lusztig version) . We assume that the rank of the associated Cartan matrix is n and the order of ξ ≥ 3. As usual, the generators of U ξ are denoted by
i , etc. Let u be the Frobenius kernel andũ the subalgebra of U ξ generated by all elements in u and in the zero part of U ξ . For λ ∈ Z n and a U ξ -module (orũ-module M) we denote by M λ the λ-weight space of M. A nonzero element in M λ will be called a vector of weight λ or a weight vector. Let m be a weight vector of a U ξ -module (resp.ũ-module) M. We call m maximal if e (a) i m = 0 for all i and a ≥ 1 (resp. e α m = 0 for all root vectors e α in the positive part ofũ). We call m a primitive element if there exist two submodules M 2 ⊂ M 1 of M such that m ∈ M 1 and the image in M 1 /M 2 of m is maximal. Obviously, maximal elements are primitive. We have (see
(a) Let m ∈ M be a weight vector and let P 1 be the submodule of M generated by m. Then m is primitive if and only if the image in P 1 /P 2 of m is maximal for some proper submodule P 2 of P 1 .
We shall write L(λ) (resp.L(λ)) for an irreducible U ξ -module (resp.ũ-module) of highest weight λ.
(b) If m is a primitive element of weight λ, then L(λ) (orL(λ)) is a composition factor of M (depending on M is a U ξ -module or aũ-module).
(c) Let M and N be modules and φ : M → N a homomorphism. Let m be a weight vector in M. If φ(m) is a primitive element of N, then m is a primitive element of M.
(d) Let M, N, φ, m be as in (c) and assume φ(m) = 0 . If m is a primitive element of M, then either φ(m) is a primitive element of N or φ(P 1 ) = φ(P 2 ), where P 1 is the submodule of M generated by m and P 2 is any submodule of P 1 such that the image in P 1 /P 2 of m is maximal. (e) Let M, N, φ, m be as in (c) and assume φ(m) = 0 . If m is a maximal element of M, then φ(m) is a maximal element of N.
We shall denote byZ(λ) the (baby) Verma module ofũ with highest weight λ and denote by1 λ a nonzero element inZ(λ) λ . Recall that to define U ξ we need to choose d i ∈ {1, 2, 3} such that (d i a ij ) is symmetric, where (a ij ) is the concerned n×n Cartan matrix. Let l i be the order of
as an A-algebra by specializing v to ξ.
For convenience, the images in
a etc. will be denoted by the same notation respectively. Let l be the order of ξ and l i be the order of ξ 2i . In U ξ we have e
For simplicity in this paper we assume that l is odd. Then l 1 = l 2 = l. The Frobenius kernel u of U ξ is the subalgebra of U ξ generated by all e i , f i , k i , k
The subalgebraũ of U ξ is generated by all
For λ = (λ 1 , λ 2 ) ∈ Z 2 , we denote byĨ λ the left ideal of U ξ generated by all
of U ξ is defined to be U ξ /Ĩ λ . Let1 λ be the image in Z(λ) of 1. The Verma moduleZ(λ) ofũ is defined to be theũ-submodule of Z(λ) generated by1 λ . Given non-negative integers a and b, we set
Recall that l is the order of ξ. The following result is a special case of [X1, 4.2 (ii) ].
(a) Assume 0 ≤ a, b ≤ l−1, c, d ∈ Z, and let µ = (lc−1+a, ld−1+b). Then the element x a,b is in u − and x a,b1µ is maximal inZ(µ) and generates the unique irreducible submodule ofZ(µ). The irreducible submodule is isomorphic tõ
The argument for [X1, 4.4(iv) ]also gives the following result.
(b) Keep the assumption and notations in (a). Let p, q, s, t ∈ N such that
. If x and y are further in u − , then x1 µ and y1 µ are maximal inZ(µ). We shall need a few formulas, which are due to Lusztig (see [L3, L4] . In U ξ we have
where a 1 b 1 is the ordinary binomial coefficient.
The assertions (n) and (o) will be frequently used in computations. Let α 1 = (2, −1), α 2 = (−2, 2) ∈ Z 2 . The set of positive roots is R + = {α 1 , α 2 , α 1 + α 2 , 2α 1 + α 2 }. Let W be the Weyl group generated by the simple reflections s i corresponding to α i . Assume that l ≥ 5. Then ρ, β ∨ < l for all β ∈ R + , where ρ = (1, 1). For λ, µ ∈ Z 2 , we write that λ ≤ µ if µ − λ = aα 1 + bα 2 for some non-negative integers a, b. We say that x ∈ u − is homogeneous (of degree β) if there exists β ∈ Z 2 such that
and a ∈ N.
2.2. The W -orbit of λ = (0, 0) (dot action) consists of the following 8 elements, λ, s
Let a, b be integers and λ = (la, lb). Using 1.1 (e-f) and 2.1 (a-b) we get (1) The following elements are maximal inZ(λ):
The following elements are maximal iñ
21 µ , f
2 f
11 µ .
(6) Let µ = λ + (l − 4)α 1 + (l − 2)α 2 . The following elements are maximal iñ Z(µ):1
maximal and primitive elements ofZ(λ) for type B 2
In this section we determine the maximal and primitive elements inZ(λ) (or equivalently in any highest weight module ofũ). To avoid complicated expressions we only work with some weights in the W -orbit of (0, 0). For general cases the approach is completely similar. Throughout the paper l is odd and is greater than or equal to 5.
Theorem 3.1. Let a, b be integers and λ = (la, lb). Then (i)The following 8 elements are maximal inZ(λ):
The following 12 elements are primitive elements inZ(λ) but not maximal: 
Moreover no maximal element inZ(λ) has the same weight as any of the above 12 elements. (iii) The maximal and primitive elements in (i-ii) provide 20 composition factors ofZ(λ), which arẽ
L(λ),L(λ − α 1 ),L(λ − α 2 ), L(λ − α 1 − 2α 2 ),L(λ − 3α 1 − α 2 ) L(λ − 3α 1 − 3α 2 ),L(λ − 4α 1 − 2α 2 ),L(λ − 4α 1 − 3α 2 ), L(λ−3α 1 −(l+1)α 2 ),L(λ−(l+3)α 1 −(l+3)a 2 ),L(λ−(l+3)α 1 −3α 2 ), L(λ−(l+1)α 1 −2α 2 ),L(λ−(2l+4)α 1 −(l+2)α 2 ),L(λ−(l+4)α 1 −(l+2)α 2 ), L(λ−4α 1 −(l+2)α 2 ),L(λ−(l+3)α 1 −(l+1)α 2 ),L(λ−lα 1 −lα 2 ), L(λ − (l + 1)α 1 − lα 2 ),L(λ − 2lα 1 − 2lα 2 ),L(λ − 2lα 1 − lα 2 ).
Moreover,Z(λ) has only the 20 composition factors.
Proof: (i) According to 1.1 (e-f), we see that (i) is true.
(ii) Now we argue for (ii).
(1) Consider the homomorphism:
Note that
11 λ+(l−1)α 1 = x 1 t 1 .
Using 1.1 (c) we see that x 11λ is a primitive element of weight γ 38 = λ − 3α 1 − (l + 1)α 2 . Let
11 λ+(l−1)α 1 = y 1 t 1 .
Using 1.1 (c) we see that y 11λ is a primitive element of weight γ 48 = λ − (l + 3)α 1 − (l + 3)α 2 . Note that we have y 1 =
, so we have xf
and x ∈ u − . Thus we have a homomorphism (recall that1 λ+(l−1)α 1 +lα 2 is also an element of the Verma module Z(λ + (l − 1)α 1 + lα 2 ) of U ξ ):
∈ u − . Using 1.1 (c) we see that z 1 f
1 f 21λ is a primitive element of weight γ 47 = λ − (l + 3)α 1 − 3α 2 . Note that z 1 f
(2) Now we consider the homomorphism:
Using 1.1 (c) we see that x 21λ is a primitive element of weight γ 31 = λ − (l + 1)α 1 − 2α 2 .
Let y 2 be homogeneous in u − such that y 2 t 2 = f
21 µ , here µ = λ + (l − 1)α 2 . According to 1.1 (c) we know that y 21λ is a primitive element of weight γ 41 = λ − (2l + 4)α 1 − (l + 2)α 2 . Note that y 2 = x 3,l−1
As the reason for ψ 1 , we have a homomorphism:
Using 1.1 (c) we see that z 2 f
2 f 11λ is a primitive element of weight
We also have a homomorphism (recall that1 λ+2lα 1 +(l−1)α 2 is also an element of the Verma module Z(λ + 2lα 1 + (l − 1)α 2 ) of U ξ ) :
Using 1.1 (c) we see that w 2 f
(3) Now we consider the homomorphism:
Let x 3 be homogeneous in u − such that
21 λ+(l−1)α 1 +(l−2)α 2 . Using 1.1 (c) we know that x 31λ is a primitive element of weight γ 37 = λ − (l + 3)α 1 − (l + 1)α 2 . Note that x 3 = x 3,l−2
− (see 2.1), we have a surjective homomorphism
1 f 21λ is a primitive element of weight γ 34 = λ − lα 1 − lα 2 .
Let y 4 = f 1 x 4 f 2 . Then y 41λ is a primitive element of weight γ 45 = λ − (l + 1)α 1 − lα 2 .
(5) Consider the homomorphism We may also consider the homomorphism:
uf 21λ →ũf Using 1.1 (c) we see that x 51λ is a primitive element of weight λ−lα 1 −(l−2)α 2 .
